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The γ∗N → ∆(1232) transition is a window on hadron shape deformation, the applicability of per-
turbative QCD at moderate momentum transfers, and the influence of nonperturbative phenomena
on hadronic observables. We explain that the Ash-convention magnetic transition form factor must
fall faster than the neutron’s magnetic form factor and nonzero values for the associated quadrupole
ratios reveal the impact of quark orbital angular momentum within the nucleon and ∆(1232); and
show that these quadrupole ratios do approach their predicted asymptotic limits, albeit slowly.
PACS numbers: 13.40.Gp, 14.20.Dh, 14.20.Gk, 12.38.Aw
I. Introduction. The ∆(1232) family were the first
resonances discovered in πN reactions [1–3]. Through
extensive study we have come to know that ∆(1232)-
baryons are positive parity, isospin I = 32 , total-spin
J = 32 bound-states with no net strangeness [4]. As
such, the ∆+ and ∆0 can be viewed, respectively, as
isospin- and spin-flip excitations of the proton and neu-
tron. Since pions are a complex probe, it is sensible to
exploit the relative simplicity of virtual photons in or-
der study the ∆-resonance’s structure; viz., through the
transitions γ∗N → ∆. This is possible at intense, ener-
getic electron-beam facilities; and data on the γ∗p→ ∆+
transition are now available for 0 ≤ Q2 . 8GeV2 [5, 6].
The γ∗p → ∆+ data has stimulated much theoreti-
cal analysis, and speculation about, inter alia: the rele-
vance of perturbative QCD (pQCD) to processes involv-
ing moderate momentum transfers [6–8]; shape deforma-
tion of hadrons [9]; and the role that resonance electro-
production experiments can play in exposing nonpertur-
bative features of QCD, such as the nature of confinement
and dynamical chiral symmetry breaking (DCSB) [10].
The N → ∆ transition is described by three form fac-
tors [11]: magnetic-dipole, G∗M ; electric quadrupole, G
∗
E ;
and Coulomb (longitudinal) quadrupole, G∗C . They arise
through consideration of the N → ∆ transition current:
Jµλ(K,Q) = Λ+(Pf )Rλα(Pf )iγ5Γαµ(K,Q)Λ+(Pi), (1)
where: Pi, Pf are, respectively, the incoming nucleon and
outgoing ∆ momenta, with P 2i = −m2N , P 2f = −m2∆; the
incoming photon momentum is Qµ = (Pf − Pi)µ and
K = (Pi + Pf )/2; and Λ+(Pi), Λ+(Pf ) are, respectively,
positive-energy projection operators for the nucleon and
∆, with the Rarita-Schwinger tensor projector Rλα(Pf )
arising in the latter connection. (Our Euclidean metric
conventions are described, e.g., in App.A of Ref. [12].)
In order to succinctly express Γαµ(K,Q), we define
Kˆ⊥µ = T
Q
µνKˆν = (δµν − QˆµQˆν)Kˆν , Kˆ2 = 1 = Qˆ2,
in which case, with k =
√
(3/2)(1 + m∆/mN ), ς =
Q2/[2Σ∆N ], λ± = ς + t±/[2Σ∆N ] where t± = (m∆ ±
mN )
2, λm =
√
λ+λ−, Σ∆N = m
2
∆ + m
2
N , ∆∆N =
m2∆ −m2N ,
Γαµ(K,Q) = k
[
λm
2λ+
(G∗M −G∗E)γ5εαµγδKˆγQˆδ
−G∗ET QαγT Kγµ −
iς
λm
G∗CQˆαKˆ
⊥
µ
]
. (2)
Given the current, one may obtain the form factors
using any three sensible projection operations; e.g., with
d = ∆∆N/[2Σ∆N ], n =
√
1− 4d 2/[4ik λm]), and
s1(d − ς) = n
√
ς(1 + 2d )T Kµν Kˆ
⊥
λ trγ5Jµλγν , (3a)
s2λm = nλ+T
K
µλtrγ5Jµλ , (3b)
s3(d − ς)λm = 3nλ+(1 + 2d )Kˆ⊥µ Kˆ⊥λ trγ5Jµλ , (3c)
then G∗M = 3[s2 + s1], G
∗
E = s2 − s1, G∗C = s3.
In analyses of baryon electromagnetic properties, using
a quark model framework which implements a current
that transforms according to the adjoint representation
of spin-flavour SU(6), one finds simple relations between
magnetic-transition matrix elements [13, 14]:
〈p|µ|∆+〉 = −〈n|µ|∆0〉 , 〈p|µ|∆+〉 = −√2〈n|µ|n〉 (4)
i.e., the magnetic components of the γ∗p → ∆+ and
γ∗n → ∆0 are equal in magnitude and, moreover, sim-
ply proportional to the neutron’s magnetic form factor.
Furthermore, both the nucleon and ∆ are S-wave states
(neither is deformed) and hence G∗E ≡ 0 ≡ G∗C [9].
Equation (4)-left is consistent with pQCD [7] in the
following sense: both suggest that G∗pM (Q
2) should decay
with Q2 at the same rate as the neutron’s magnetic form
factor, which is dipole-like in QCD. It is usually argued
that this is not the case empirically [5, 6], a claim that
stimulated our interest in the γ∗N → ∆ transition.
II. General Observations. Baryon bound-states in
quantum field theory may be described by a Faddeev am-
plitude, Ψ, obtained from a Poincare´-covariant Faddeev
equation [15], which sums all interactions that can take
place between the three quarks that define its valence-
quark content. The appearance of nonpointlike colour-
antitriplet diquark correlations [16, 17] within the proton
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FIG. 1. One-loop diagrams in the N → ∆ vertex: single line,
dressed-quark propagator, S(p); double line, diquark propa-
gator; and vertices, respectively, incoming nucleon, Ψi, and
outgoing ∆, Ψf . From top to bottom, the diagrams describe
the photon coupling: directly to a dressed-quark; to a di-
quark, in an elastic scattering event; or inducing a transition
between scalar and axial-vector diquarks. The ∆ resonance
contains only axial-vector diquark correlations so here only
such diquarks appear in the top and middle diagrams. In
the general case, there are three more diagrams, described in
detail elsewhere [24]. They represent two-loop integrals.
is a dynamical prediction of Faddeev equation studies;
and empirical evidence in support of the presence of di-
quarks in the proton is accumulating [18–22].
As the nucleon and ∆ have positive parity, JP = 0+
(scalar) and JP = 1+ (axial-vector) diquarks are the
dominant correlations within them [12, 23]. The presence
of pseudoscalar and vector diquarks can be ignored be-
cause such correlations are characterised by much larger
mass-scales and they have negative parity [12, 23]. Owing
to Fermi-Dirac statistics, scalar diquarks are necessarily
I = 0 states, whilst axial-vector diquarks are I = 1 [16].
The nucleon ground-state contains both 0+ and 1+ di-
quarks, whereas the ∆(1232)-baryon contains only axial-
vector diquarks because it is impossible to combine an
I = 0 diquark with an I = 1/2 quark to obtain I = 3/2.
For baryons constituted as described above, the elastic
and transition currents are represented by the diagrams
described in association with Fig.1. Plainly, with the
presence of strong diquark correlations, the assumption
of SU(6) symmetry for the associated state-vectors and
current is invalid. Notably, too, since scalar diquarks are
absent from the ∆, only axial-vector diquark correlations
contribute in the top and middle diagrams of Fig.1 when
one or both of the vertices involves a ∆(1232)-baryon.
Each of the diagrams in Fig.1 can be expressed like
Eq. (1), so that we may represent them as
Γmµλ(K,Q) = Λ+(Pf )Rλα(Pf )J
n
µα(K,Q)Λ+(Pi) , (5)
where m = 1, 2, . . . enumerates the diagrams, from top to
bottom. The top diagram describes a photon coupling
directly to a dressed-quark with the axial-vector diquark
acting as a bystander. If the initial-state is a proton,
then it contains two axial-vector diquark isospin states
(I, Iz) = (1, 1), (1, 0), with flavour content {uu} and
{ud}, respectively: in the isospin-symmetry limit, they
appear with relative weighting (
√
2/3):(−
√
1/3), which
are just the appropriate isospin-coupling Clebsch-Gordon
coefficients. These axial-vector diquarks also appear in
the final-state ∆+ but with the orthogonal weighting; i.e.,
(
√
1/3):(
√
2/3). For the process γ∗p → ∆+, Diagram 1
therefore represents a sum, which may be written
J 1pµα = (
√
2/3)edI
1{uu}
µα − (
√
2/3)euI
1{ud}
µα , (6)
where we have extracted the isospin and charge factors
associated with each scattering. Plainly, if the {uu} di-
quark is a bystander, then the d-quark is the active scat-
terer, and hence appears the factor ed = (−1/3). Simi-
larly, eu = 2/3 appears with the {ud} diquark bystander.
Now, having extracted the isospin and electric-charge
factors, nothing remains to distinguish between the u-
and d-quarks in the isospin-symmetry limit. Hence,
I 1{uu}µα (K,Q) ≡ I 1{ud}µα (K,Q) =: I 1{qq}µα (K,Q) , (7)
⇒ J 1pµα(K,Q) = (−
√
2/3)I 1{qq}µα (K,Q) . (8)
It is known that diagrams with axial-vector diquark spec-
tators do not contribute to proton elastic form factors
(Eq. (C5) in Ref. [20]), so the analogous contribution is
absent from the proton’s elastic form factors. However,
this hard contribution is present in neutron elastic form
factors. In general, form factors also receive a hard con-
tribution from the two-loop diagrams omitted in Fig.1.
In proton and neutron elastic magnetic form factors, re-
spectively, the large-Q2 behaviour of this contribution
matches that produced by Diagram 1 [24].
The remaining two diagrams in Fig.1; i.e., the mid-
dle and bottom images, describe a photon interacting
with a composite object whose electromagnetic radius is
nonzero. (Indeed [25]: r1+ & rπ.) They must therefore
produce a softer contribution to the transition form fac-
tors than anything obtained from the top diagram.
It follows from this discussion that the fall-off rate of
G∗M (Q
2) in the γ∗p→ ∆+ transition must match that of
GnM (Q
2). With isospin symmetry, Eq. (4)-left is valid, so
the same is true of the γ∗n→ ∆0 magnetic form factor.
Note that these are statements about the dressed-quark-
core contributions to the transitions. They will be valid
empirically outside that domain upon which meson-cloud
effects are important; i.e., for Q2 & 2GeV2 [26, 27].
III. Quantitative Illustration. Since these obser-
vations are straightforward, we choose to illuminate
them within a simple framework, using a symmetry-
preserving Dyson-Schwinger equation (DSE) treatment
of a vector× vector contact-interaction (CI). A body of
recent work [12, 20, 23, 25, 28–30] has shown that this
framework produces results which, when analysed judi-
ciously, are qualitatively and semi-quantitatively equiva-
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FIG. 2. Solid curve – µnG
∗p
M/µ
∗
pG
n
M as a function of x =
Q2/m2ρ; and filled circles – µnG
∗n
M /µ
∗
nG
n
M . For N = p, n,
µ∗N = G
∗N
M (Q
2 = 0); and µn = G
n
M (Q
2 = 0). The elastic
form factor results are those presented in Ref. [20], so that
the comparison is internally consistent.
lent to those obtained with the most sophisticated inter-
actions thus far employed in the leading-order (rainbow-
ladder [31]) truncation of QCD’s DSEs. Our illustration
is therefore representative of that class of studies.
To proceed, we need only adapt the transition form
factor formulae in Ref. [20] to the case of a final-state ∆.
Owing to the interaction’s simplicity, there are no two-
loop contributions to the form factors, so the diagrams
depicted in Fig. 1 are all that need be considered. Their
structure and analysis is explained in the Appendix.
Following Ref. [20], our CI is specified by: an inter-
action strength αIR = 0.93π; a confinement mass-scale
Λir = 0.24GeV and ultraviolet cutoff Λuv = 0.905GeV;
and a u = d current-quark massm = 7MeV, which yields
a dressed-quark mass M = 0.368GeV via the rainbow
gap equation. With these inputs, one proceeds directly
to predictions for the form factors.
In Fig. 2 we compare the momentum-dependence of the
magnetic γ∗p → ∆+ and γ∗n → ∆0 form factors with
GnM (Q
2). The prediction explained in Sec. II is evident
in a near identical momentum dependence.
In connection with experiment, our CI treatment of
the N → ∆ transition is quantitatively inadequate for
two main reasons. Namely, a CI which produces Fad-
deev amplitudes that are independent of relative mo-
mentum must underestimate the quark orbital angular
momentum content of the bound-state; and the trunca-
tion which produces the momentum-independent ampli-
tudes also suppresses the three two-loop diagrams in the
current of Fig. 1. The detrimental effect can be illus-
trated via our computed values for the contributions to
G∗M (0) that arise from the overlap 1
+-diquark(∆)←1+-
diquark(N) cf. 1+-diquark(∆)←0+-diquark(N). We find
0.85/0.18, values that may be compared with those in Ta-
ble 3 of Ref. [32], which uses momentum-dependent DSE
kernels: 0.96/1.27. One may show algebraically that the
omitted two-loop diagrams facilitate a far greater contri-
bution from axial(∆)-scalar(N) mixing and the presence
of additional orbital angular momentum enhances both.
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FIG. 3. Upper panel. G∗M (Q
2): contact-interaction result
(solid curve); ameliorated result (dashed), explained around
Eq. (9); SL-model dressed-quark-core result [27] (dotted); and
data from Refs. [4, 33–37], whose errors are commensurate
with the point size. (N.B. Our formulation of the contact
interaction produces Faddeev amplitudes that are indepen-
dent of relative momentum, hence G∗M (Q
2) is hard.) Lower
panel. µnG
∗
M,Ash(Q
2)/N(Q2): contact interaction (solid) and
ameliorated result (dashed), both obtained with N(Q2) =
GnM (Q
2). Also, empirical results [37] for G∗M,Ash/ND(Q
2),
where 1/ND(Q
2) = [1 + Q2/Λ2]2, Λ = 0.71GeV, and SL-
model’s dressed-quark-core result for this ratio [27] (dotted).
In recognition of both this defect and the general ex-
pectation that a comparison with experiment should be
sensible, we subsequently provide two sets of results.
Namely, unameliorated predictions of the CI plus results
obtained with two corrections: we rescale the axial(∆)-
scalar(N) diagram using the factor
1 + gasaa/[1 +Q
2/m2ρ] , (9)
with gasaa = 4.3, so that its contribution toG
∗p
M (0) matches
that of the axial(∆)-axial(N) term; and incorporate a
dressed-quark anomalous magnetic moment, which is a
predicted consequence of DCSB in QCD [38, 39] and de-
scribed in App.C.6 of Ref. [20].
In Fig. 3, upper panel, we display the γ∗p→ ∆+ mag-
netic form factor. (With µ˜∗N∆ := (
√
m∆/mN)G
∗N
M (0),
we have a direct result of µ˜∗N∆ = 1.13 and an ameliorated
value of µ˜∗N∆ = 2.04.) Both curves are consistent with
data for x & 2 but, corrected or not, are in marked dis-
agreement at infrared momenta. This is explained by the
similarity between our ameliorated result (dashed) and
the dressed-quark-core result determined using the Sato-
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FIG. 4. Ratios in Eq. (11). Both panels: solid curve –
contact-interaction result; dashed – ameliorated result, dis-
cussed around Eq. (9); and data [35–37, 40–42]. The dash-dot
curve in the upper panel is representative of the computation
in Ref. [32]. (N.B. G∗E , G
∗
C are small, so Ref. [27] could not
reliably separate meson-cloud and dressed-quark core contri-
butions to these ratios.)
Lee (SL) dynamical meson-exchange model [27] (dotted).
The SL result supports our view that the discrepancy re-
sults from omission of meson-cloud effects in the rainbow-
ladder truncation of QCD’s DSEs.
In contrast to the upper panel of Fig. 3, depictions of
experimental data typically use the Ash form factor [43]
G∗M,Ash(Q
2) = G∗M (Q
2)/[1 +Q2/t+]
1/2. (10)
This comparison is depicted in Fig. 3, lower panel. (Our
dressed-quark core result is quantitatively similar to the
same quantity in Fig. 3 of Ref. [44].) Plainly, G∗M,Ash(Q
2)
falls faster than a dipole. Historically, many have viewed
this as a conundrum. However, as observed previously [7]
and elucidated herein, there is no sound reason to expect
G∗M,Ash(Q
2)/GnM (Q
2) ≈ constant. Instead, the Jones-
Scadron form factor should exhibit G∗M (Q
2)/GnM (Q
2) ≈
constant. The empirical Ash form factor falls rapidly
for two reasons. First: meson-cloud effects provide more
than 30% of the form factor for Q2 . 2m2ρ; these contri-
butions are very soft; and hence they disappear rapidly.
Second: the additional kinematic factor ∼ 1/
√
Q2 in
Eq. (10) provides material damping for Q2 & 4m2ρ.
In Fig. 4 we depict the ratios
REM = −G∗E/G∗M , RSM = −(| ~Q|/2m∆)(G∗C/G∗M ) , (11)
which are commonly read as measures of deformation in
one or both of the hadrons involved because they are zero
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FIG. 5. REM (solid curve) and RSM (dashed curve) in
Eq. (11), computed using the ameliorated contact interaction,
discussed in connection with Eq. (9).
in SU(6)-symmetric constituent-quark models. However,
the ratios also measure the way in which such deforma-
tion influences the structure of the transition current.
Our results show that even a CI produces correlations
between dressed-quarks within Faddeev wave-functions
and related features in the current that are comparable
in size with those observed empirically. They are actually
too large if axial(∆)-axial(p) contributions to the transi-
tion significantly outweigh those from axial(∆)-scalar(p)
processes. This is highlighted by the dash-dot curve
in the upper panel. That result, obtained in the same
DSE truncation but with a QCD-motivated momentum-
dependent interaction [32], produces Faddeev amplitudes
with a richer quark orbital angular momentum structure.
The upper panel emphasises, therefore, that REM is a
particularly sensitive measure of orbital angular momen-
tum correlations, both within the hadrons involved and
in the excitation current.
Even though the asymptotic power-law dependence
of our form factors is harder than that in QCD, one
may show that helicity conservation arguments [7] should
apply equally to an internally-consistent symmetry-
preserving treatment of a CI. Consequently, we have
REM
Q2→∞
= 1 , RSM
Q2→∞
= constant . (12)
The validity of Eqs. (12) may be read from Fig. 5. On
one hand, it is plain that truly asymptotic Q2 is required
before the predictions are realised. On the other hand,
they are apparent. Importantly, G∗E(Q
2) does possess a
zero (at an empirically accessible momentum) and there-
after REM → 1. Moreover, RSM → constant. (N.B. The
curve we display contains the ln2Q2-growth expected in
QCD [45] but it is not a prominent feature.) Since it is
relative damping associated with helicity flips that yields
Eqs. (12), with the Q2-dependence of the leading ampli-
tude being less important, it is plausible that the pattern
evident herein is also that to be anticipated in QCD.
IV. Epilogue. We explained and illustrated that the
Ash form factor connected with the γ∗N → ∆ transi-
tion should fall faster than the neutron’s magnetic form
factor, which is a dipole in QCD. In addition, we showed
5that the quadrupole ratios associated with this transition
are a sensitive measure of quark orbital angular momen-
tum within the nucleon and ∆. In Faddeev equation
studies of baryons, this is commonly associated with the
presence of strong diquark correlations. Finally, direct
calculation revealed that predictions for the asymptotic
behaviour of these quadrupole ratios, which follow from
considerations associated with helicity conservation, are
valid, although only at truly large momentum transfers.
Appendix. The diagrams in Fig. 1 can all be expressed
in the form of Eq. (5). Assuming isospin symmetry, Dia-
gram 1 is J 1Nµα = J
1N1
µα + J
1N0
µα with
J 1N1µα = (
√
2/3) eN1 d
0 [a01 I
1{qq}
µα,1 + a
0
2 I
1{qq}
µα,2 ] , (13a)
J 1N0µα = −(
√
2/3)eN0 d
0 [a01 I
1{qq}
µα,1 + a
0
2 I
1{qq}
µα,2 ] ,(13b)
where: ep1 = ed = en0 , en1 = eu = ep0 ; and d
0 and
{a0k, k = 1, 2} are, respectively, canonically normalised
Faddeev amplitudes for the ∆ and nucleon, computed in
Ref. [20]. In these expressions,
I
1{qq}
µα,k =
∫
ℓ
S(ℓf ) iγ
T
µPT (Q
2)S(ℓ+i )Mkβ ∆
1+
αβ(−ℓ) , (14)
where
∫
ℓ =
∫
d4ℓ
(2π)4 ; ℓ
±
(i,f) = ℓ ± Pi,f ; and M1β = γ5γβ,
M2β = γ5(Pˆi)β . The dressed-quark propagator, S(p),
and the axial-vector diquark propagator, ∆1+αβ , are de-
scribed in Ref. [20]; whereas the dressing factor for the
quark-photon vertex, PT (Q
2), is explained in Ref. [25].
Diagram 2 may be expressed: J 2Nµα = J
2N1
µα + J
2N0
µα ,
J 2N1µα = (
√
2/3) e
{qq}
N1
d0 [a01 I
2{qq}
µα,1 + a
0
2 I
2{qq}
µα,2 ] , (15a)
J 2N0µα = −(
√
2/3)e
{qq}
N0
d0 [a01 I
2{qq}
µα,1 + a
0
2 I
2{qq}
µα,2 ] ,(15b)
e
{qq}
p1 = 2eu, e
{qq}
n1 = 2ed, e
{qq}
p0 = eu + ed = e
{qq}
n0 . Here,
I
2{qq}
µα,k =
∫
ℓ
S(ℓ)∆1
+
αρ(−l−f )Γ1
+
µ,ρσ∆
1+
σβ(−l−i )Mkβ , (16)
wherein Γ1
+
µ,ρσ(−l−f ,−l−i ) is the dressed–photon–
pseudovector-diquark vertex (see Sec. IV.B, Ref. [25]).
Diagram 3, the bottom image in Fig. 1, describes an
electromagnetically-induced 0+ − 1+ diquark transition:
J 3pµα = −J 3nµα = d0sN (eu + ed) I3µα, where
I3µα =
∫
ℓ
S(l)∆1
+
αρ(−l−f ) iΓ10ρµ(−l−f ,−l−i )∆0
+
(−l−i ). (17)
The transition form factor Γ10ρµ(ℓ2, ℓ1) = Γ
01
µρ(ℓ1, ℓ2) is
detailed in Sec. IV.C of Ref. [25].
At this point, we follow the steps explained in
Apps. C.5 and D of Ref. [20] in order to arrive at a
concrete expression for Γαµ(K,Q) in Eq. (2) and sub-
sequently, via Eqs. (3), numerical results for the three
Poincare´-invariant transition form factors in Eq. (2).
Before producing final results for the transition form
factors, one must also calculate nucleon and ∆ elastic
form factors within the same framework in order, at least,
to compute the canonical normalisation constants for the
nucleon and ∆ Faddeev amplitudes. (These constants
ensure unit electric charge for the proton and ∆+ [46].)
This has already been done for the nucleon [20]; and
for the ∆, we trace the pattern in Ref. [47], adapted as
necessary, following Ref. [20], to the CI.
One must proceed carefully with that calculation, how-
ever. Using the Ward-Green-Takahashi identities for
the quark-photon and quark-diquark vertices, one can
show that, at Q = 0, Diagrams 1 and 2 must be
equal. Computationally, this is ensured by any O(4)- and
translationally-invariant regularisation scheme. Whilst
both are formally a property of our treatment of the CI,
the latter is practically broken by the final step of intro-
ducing infrared and ultraviolet mass-scales in the proper-
time regularisation of integrals. The effect is to produce
a small mismatch between these diagrams at Q = 0. The
weakness can be traced to quadratic divergences that
arise through integrals such as∫
ℓ
1
[ℓ2 + ω]2
{(K · ℓ)2, (Q · ℓ)2, (K · ℓ)(Q · ℓ)}
=
∫
ℓ
ℓ2
[ℓ2 + ω]2
1
4
{K2, Q2,K ·Q} , (18)
and analogous integrals with a quartic divergence. As ex-
plained elsewhere [30], the weakness can be ameliorated
via a simple expedient: in Eq. (18), replace 1/4 → θ =
1.874(1/4); and in results for those integrals with a quar-
tic divergence, replace the usual factor of 1/24 by θ2/24.
We arrive in this way at, inter alia [48], magnetic mo-
ments for the ∆-resonances, measured in nuclear mag-
netons: µ∆q = 3.1q, q = +2,+1, 0,−1. These values
may be compared with lattice-QCD results [49]: µ∆+ =
2.5; and DSE results obtained using a QCD-motivated
momentum-dependent interaction: µ∆+ = 2.7q.
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